Visual stabilization of the retina during rotational head movements requires that in far vision the eyes rotate about the same axis as the head but in opposite direction with a gain close to unity (optimal strategy). To achieve this goal the vestibulo-oculomotor system must be able to independently control all three rotational degrees of freedom of the eye. Studies of the human rotational vestibulo-ocular reflexes (VOR) have shown that its spatial characteristics are best explained by a strategy that lies halfway between the optimal image stabilization and perfect compliance with Listing's law. Here we argue that these spatial characteristics are fully compatible with an optimal strategy under the condition of a restrained gain of the torsional velocity-to-position integration. One implication of this finding is that the rotational VORs must override the default operation mode of the ocular plant that, according to recent findings, mechanically favours movements obeying Listing's law. Visual stabilization of the retina during rotational head movements requires that in far vision the eyes rotate about the same axis as the head but in opposite direction with a gain close to unity (optimal strategy). To achieve this goal the vestibulo-oculomotor system must be able to independently control all three rotational degrees of freedom of the eye. Studies of the human rotational vestibule-ocular reflexes (VOR) have shown that its spatial characteristics are best explained by a strategy that lies halfway between the optimal image stabilization and perfect compliance with Listing's law. Here we argue that these spatial characteristics are fully compatible with an optimal strategy under the condition of a restrained gain of the velocityto-position integration. One implication of this finding is that the rotational VORs must override the default operation mode of the ocular plant that according to recent findings mechanically favors movements obeying Listing's law.
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The rotational vestibulo-ocular reflexes (VOR) stabilize the retinal image by adjusting ocular orientation and gaze in space. In far vision, the entire retinal image can be stabilized against head rotations by rotating the eyes in opposite direction at the same velocity about the same rotation axis as the head. This strategy helps to maintain constancy of the visual field during disturbances of head-in-space orientation and enhances self-motion and orientation (Brandt et al 1973; Amblard and Carblanc 1980) . In contrast, retinal image stabilization during translational movements requires more selective strategies that stabilize only the foveal and part of the perifoveal image since it cannot be achieved across the entire visual field (Miles 1999; Angelaki et al 2003; Angelaki and Hess 2005) . Foveal image stabilization could also be accomplished by anchoring the torsional orientation of the eye to the head and thereby complying with Listing's law (but see Tweed et al 1998). The peculiar spatial characteristics observed in the human rotational VORs have in fact been interpreted as the result of a compromise strategy halfway between optimal retinal image stabilization and perfect compliance with Listing's law (Misslisch et al 1994) . This law, which underlies all visually guided eye movements, requires that the angular eye velocity depends on eye position in such a way that it always lies in a plane that rotates relative to primary position in the same direction as the gaze line, but only by half the angle (von Helmholtz 1876; Tweed and Vilis 1990).
Although the optimal VOR strategy appears to be best suited for visual stabilization, it is not known whether it is in fact the "primum movens" in the evolution and development of the rotational VOR. In the following I will argue that the optimal strategy is indeed underlying the evolutionary old rotational VORs and provide theoretical evidence that its spatiotemporal characteristics follow from first principles of three-dimensional (3D) rotation kinematics and the additional condition of a reduced torsional velocity-to-position integrator.
Independence of gaze position implies torsional rotations during the rotational VOR
While the control strategies underlying the rotational yaw or pitch VOR are not distinguishable in primary gaze direction, clear-cut differences emerge in all other gaze directions. Starting from non-primary positions, rotations of the eye in a horizontal or vertical plane invariably comprise a torsional rotation component in contrast to the torsion-free rotation paths in plans that contain the rotation centre (see the horizontal and vertical great circles on the eye ball in Fig. 1A to B in the respective horizontal and vertical meridional planes). Accordingly, the optimal yaw and pitch VOR need to control the rotation of the eye in planes parallel to the horizontal and vertical meridional planes (see small circles in Fig. 1B and C). As a consequence, the torsional eye position changes the more the VOR drives the eye along these small circular paths. It is interesting to compare the associated angular velocity along the small and the torsion-free great circle in the yaw or pitch VOR (Fig. 1C) .
Interestingly, a difference in angular velocity emerges not only in torsional but also in horizontal direction. It increases with gaze eccentricity and the magnitude of head angular velocity as illustrate in Fig. 1D for the yaw VOR (optimal strategy with velocity gain=1). The torsional angular velocity deficit is proportional to the VOR's capacity to change ocular torsion according to the relation: torsional velocity deficit x (1-k) with k = 1 for optimal performance and k=0 for no change in ocular torsion. The reason for the angular velocity difference in horizontal direction is that the velocity associated with the eye movement along the great circle path tilts.
Constraints on the neural implementation of the optimal VOR strategy
A fundamental challenge for the neural implementation of the rotational VORs is related to the fact that the transduced head angular velocity signals from the semicircular canals need to be transformed at least into six different eye velocity commands to the extraocular muscles in such a way that the resulting angular eye velocity at the motor output matches the physical head angular velocity in direction and magnitude. Using the optimal VOR strategy as a model, 3D rotation kinematics provides the guidelines of how the brain might meet this challenge (Tweed and Vilis 1987) . Based on these kinematical principles one can postulate that the neural velocity commands to the eye muscle (formally summarized as eye velocityd dt E ) must follow the proportionality: 
where Ω eye is the angular velocity of the eye). These two ancillary conditions, the one on the sensory and the other on the motor output side, set the stage for matching the transduced head velocity to the eye angular velocity at the motor output that results from the neural eye position and velocity commands. A summary of these conditions is presented in Table 1 .
Role of the torsional velocity-to-position integrator
(a) Rotational VOR in the yaw and pitch plane. In the optimal VOR strategy, the rotation of the eye has to occur about the same axis as the head independently of the initial ocular orientation. This simple requirement is difficult to fulfill without some constraints, because even in primary position changes of head position about the roll axis, could result in rotations of the eyes that exceed the limits of the torsional oculomotor range. Even in the yaw and pitch VOR, the eye can acquire large changes in torsional position for eccentric gaze directions as illustrated by the following example. During yaw rotations of the head while fixating an eccentric vertical target, the change in torsional eye position increases linearly with vertical gaze eccentricity ( Fig. 2A , left panel), and, correspondingly, also torsional eye velocity ( Fig.   2A , middle panel). Both effects are due to the torsional difference of the small circular path that the eye has to follow in the optimal VOR strategy and the torsion-free great circle path (see Fig. 1B ). Thus, the eye can only move along the small circle by continuously updating its torsional orientation, which implies perfect integration of the underlying torsional velocity. If the yaw VOR is followed by a pitch VOR, changes in ocular torsion can even accumulate (Tchelidze and Hess 2007) . To further characterize this crucial condition for an optimal performance, we define the gain of the velocity-to-position integration by , / reduced, say to k=0.5, then the change in torsional eye position and velocity is also reduced by the same factor (see Fig. 1D and Fig. 2B , left and middle panel). Note, however, that this does not affect the horizontal eye velocity, implying that the motor commands to the horizontal eye muscles remain unchanged. However, it does affect the spatial orientation of the angular eye velocity at the motor output (Fig. 2C) . Although its peak horizontal component does change only little (approximately with the cosine of kε/2, where ε is the angle of vertical gaze eccentricity), there is now a torsional angular velocity component that increases approximately linearly with vertical gaze eccentricity (i.e. with the sine of kε/2). As a consequence, the resultant angular eye velocity tilts in the pitch plane whenever the gain of torsional velocity-to-position integration is reduced. Similar observations can be made for the pitch VOR in eccentric horizontal gaze directions. In both the yaw and pitch VOR, the angular eye velocity tilts always in the same direction as the gaze line with respect to primary gaze direction. The important point is that the tilt amplitude in the yaw as well as in the pitch VOR only depends on the gain of the torsional velocity-to-position integration. It follows approximately the relation ±(1-k)*ε/2 where ε is the angle of gaze eccentricity (for details see Table 1 , the torsional change in eye position and velocity reduces by the same factor (Fig. 3B, left and middle panel) . In contrast to the pitch and yaw VOR, it also reduces the peak torsional angular velocity at the motor output by the same factor. This reduction in amplitude of the angular velocity at the motor output is completely independent of the velocity gain of the roll VOR (assumed to be unity in all simulations). The presented kinematical analysis is based on the following proportionality for the torsional angular velocity of the roll VOR:
, where g roll = |Ω SCC |/|Ω head | is the velocity gain (ratio of semicircular canal angular velocity and head angular velocity; Table 1 ). One conclusion of this analysis is that the overall roll VOR gain ( |(Ω rollVOR ) tor | / |Ω head | ) depends on both the velocity gain (g roll ) and the torsional velocity-to-position integration gain k. We assume that the low roll VOR gain during high-acceleration head rotations is entirely due to the restrained gain of the velocity-to-position integration, which under these conditions becomes noticeable only in the roll VOR (Aw et al 1996) . Another 
Dissociation of torsional gaze velocity and ocular torsion
Humans and subhuman primates can perfectly fixate a memorized eccentric target that is presented shortly before onset of a head rotation about the roll axis in complete darkness 
Neural velocity commands and orbital mechanics
The analyses of the sensory-motor transformations in the rotational VOR show that in the optimal strategy of yaw and pitch VOR the axis of the totally commanded eye velocity tilts in the opposite direction as that required for visual guided eye movements that obey Listings law. For example, to minimize the tilt of the angular velocity of the eye during yaw VOR, the eye velocity commands must spin the eye about a forward tilted axis as the gaze line is elevated. Similarly, during the pitch VOR, the neural eye velocity commands must spin the eye about a rightward tilted axis as the gaze line shifts leftward (inverse half angle rule).
The required tilt reduces approximately proportionally to the gain of the torsional velocity-to position integration (see vertical and horizontal eye position dependence of eye velocity commands in Table 1 
Resulting angular eye velocity at the motor output: 
